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|
n∑
i=1

aibi|2 =(

n∑
i=1

aibi)(

n∑
i=1

aibi)

=

n∑
i=1

|aibi|2 +

n∑
i,j=1,i6=j

aibiajbj

=

n∑
i=1

|aibi|2 +
∑

1≤i<j≤n

aibiajbj +
∑

1≤i<j≤n

ajbjaibi

=
n∑
i=1

|aibi|2 +
∑
i 6=j

|aibj |2 −
∑
i 6=j

|aibj |2 +
∑

1≤i<j≤n

aibiajbj +
∑

1≤i<j≤n

ajbjaibi

=(

n∑
i=1

|ai|2)(

n∑
i=1

|bi|2)− (
∑
i 6=j

|aibj |2 −
∑

1≤i<j≤n

aibiajbj −
∑

1≤i<j≤n

ajbjaibi) (1)

On the other hand, note that∑
1≤i<j≤n

|aibj − ajbi|2 =
∑

1≤i<j≤n

(aibj − ajbi)(aibj − ajbi)

=
∑

1≤i<j≤n

(|aibj |2 + |ajbi|2 − aiajbibj − ajaibjbi)

=
∑
i6=j

|aibj |2 −
∑

1≤i<j≤n

aibiajbj −
∑

1≤i<j≤n

ajbjaibi (2)

Combining (1) and (2), we have the Lagrange’s identity:

|
n∑
i=1

aibi|2 = (

n∑
i=1

|ai|2)(

n∑
i=1

|bi|2)−
∑

1≤i<j≤n

|aibj − ajbi|2

2 ∫
|z|=r

ydz =

∫ 2π

0

r sin θ(ireiθ)dθ

=r2i

∫ 2π

0

(sin θ cos θ + i sin2 θ)dθ

=r2i

∫ 2π

0

sin 2θ

2
dθ − r2

∫ 2π

0

1− cos 2θ

2
dθ

=− r2π

1



3 ∫
|z|=1

zmzndz =

∫ 2π

0

eimθe−inθ(ieiθ)dθ

=i

∫ 2π

0

ei(m−n+1)θdθ

=


i
∫ 2π

0
dθ when (m− n+ 1) = 0

i

[
ei(m−n+1)θ

i(m− n+ 1)

]2π
0

when (m− n+ 1) 6= 0

=

2πi when (m− n+ 1) = 0

0 when (m− n+ 1) 6= 0

4 By triangle inequality, for |z| = R, we have

|3z − 1| ≤|3z|+ 1 = 3R+ 1 and

|z4 + 4z2 + 3| = |z2 + 1||z2 + 3| ≥ (|z|2 − 1)(|z|2 − 3) = (R2 − 1)(R2 − 3)

The above inequalities imply∣∣∣∣∣
∫
|z|=r

3z − 1

z4 + 4z2 + 3

∣∣∣∣∣ ≤ length of the contour× 3R+ 1

(R2 − 1)(R2 − 3)
=

2πR(3R+ 1)

(R2 − 1)(R2 − 3)

5 Along the vertical line segment from R to R + 4πi with R > 0, we have |ez| = eR. Furthermore,

by triangle inequality,

|1 + e3z| ≥ |e3z| − 1 = e3R − 1

As a result, ∣∣∣∣∣
∫
|z|=γR

2ez

1 + e3z

∣∣∣∣∣ ≤ length of the contour× 2eR

e3R − 1
=

8πeR

e3R − 1

6 (a) No. It is because if antiderivative exists, the contour integral of f(z) along any closed contour

must be zero. However, by direct calculation,∫
|z|=1

f(z)dz =

∫
|z|=1

1

z
dz =

∫ 2π

0

ieiθ

eiθ
dθ =

∫ 2π

0

idθ = 2πi = 6= 0

(b) Yes. The antiderivative of g(z) =
1

z2
is given by G(z) =

−1

z
on C\0.

7 Write f(z) = f(x, y) = u(x, y) + iv(x, y). Since f(z) is an analytic function on its domain, u and

v are real differentiable and the Cauchy Riemann equations are satisfied.

ux = vy and uy = −vx (3)

By definition, we have g(z) = g(z) = u(x,−y) − iv(x,−y). Write g(z) = p(x, y) + iq(x, y). From

this one can check that

px = ux(x,−y), py = −uy(x,−y), qx = −vx(x,−y), qy = vy(x,−y)

By (3), we have px = qy and py = qx. Since p and q are real differentiable and the Cauchy Riemann

equations are satisfied, g is analytic.
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